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An a o p r o x i m a t e  so lu t ion  is ob ta ined  f o r  the  p r o b l e m  of the t e m p e r a t u r e  f i e ld  of a s h o r t  tube with  i n t e rna l  
hea t  s o u r c e s  in the s t e a d y - s t a t e  t h e r m a l  r e g i m e .  

The p r o b l e m  of the  t e m p e r a t u r e  f i e ld  of an e l e c t r i c a l  coi l  of c y l i n d r i c a l  shape  m a y  be  r e g a r d e d ,  in i dea l i zed  
f o r m ,  as the p r o b l e m  of a sho r t  tube with i n t e r n a l  hea t  s o u r c e s .  

The  t e m p e r a t u r e  f i e ld  of a tube of f i n i t e  l eng th  wi th  in t e rna l  hea t  s o u r c e s  is d e s c r i b e d  by the  d i f f e r en t i a l  
equa t ion  

O~t~. u 1 ~r.u 02tr.y q. 
Or 2 ~-7- ~ / - + ~ §  (1) 

We f ind the so lu t ion  of th is  equa t ion  in the f o r m  of a sum of two func t ions  [1], each  of which  depends  only on a 
s i n g l e  v a r i a b l e ,  i. e . ,  in the f o r m  

t~, u = F (r) + q) (y). (2) 

F ind ing  the c o r r e s p o n d i n g  p a r t i a l  d e r i v a t i v e s  for  (2) and subs t i tu t ing  into (1), we obta in  

1 F ' ( r ) = - - [ c l ) " ( y ) + ~ - ]  . (3) F" (r) -4- 7 

Equa t ion  (3) m u s t  be  s a t i s f i e d  at a l l  v a l u e s  of r and y, which  is p o s s i b l e  only if both s ides  a r e  equal  to a 
cons tan t  quant i ty ,  which  we denote  by ( - q v / X e ) ,  w h e r e  each  of the quan t i t i e s ,  inc luding  e, is  a lso  constant .  Then,  

F '  (r) -4- 1 F '  (r) = q. , (4) 
r ;L8 

~.(y)  8 - - 1  qv (5) 

The i n t e g r a l s  of t h e s e  equa t ions  have  the  f o r m  

(b(y)--  e - - 1  q" y ~ + C I y + C z  (6) 
e 2;~ 

and 

F ( r ) -  qo r 2 + C a l n r +  C~, (7) 
4;~e 

w h e r e  C 1, C 2, C a, C 4, the c o e f f i c i e n t s  of i n t eg ra t i on ,  a r e  cons tan t  if the condi t ions  of un iquenes s  a t t ached  to th i s  
so lu t ion  a r e  independent  of the v a r i a b l e s  r and y. 

In this  c a se ,  so lu t ion  (2) is w r i t t e n  in the f o r m  

tr, y--  q~r--2 + C 3 1 n r  8 - - 1  q" y~+Cly-~C~+C4.  (8) 
4~.e s 22~ 

The  cons t an t  e can be  found a f t e r  d e t e r m i n i n g  the c o e f f i c i e n t s  of i n t e g r a t i o n  by applying (6) and (7) to the s a m e  
f ixed  po in t  of the  tube. 
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Fig .  i. A s s i g n m e n t  of boundary  condi t ions .  

The  coe f f i c i en t s  of i n t eg ra t i on  C1, C2, Ca, and C 4 can be found f r o m  the condi t ions  of u n i q u e n e s s ,  which we 
f o r m u l a t e  f o r  a f in i t e  tube in s e v e r a l  v a r i a n t s ,  t h e s e  condi t ions  be ing  in each  c a s e  independent  of the v a r i a b l e s  r and 
y. 

I. Coo l ing  u n d e r  boundary  cond i t ions  of the  th i rd  kind f r o m  the o u t e r  s u r f a c e  and the ends,  no hea t  t r a n s f e r  at 
the i n n e r  s u r f a c e  (Fig.  1) ; in this  case ,  

Ot~'~ = O, (9) 
Oy 

OtR,,y_ = O, (10) 
Or 

_. ~ OtR~,v 
C~o[t(R~,v)m-- ta], (ii) 

Otr.z 
- -  ~, = ae[t(r,V)m - -  ta]. (12) 

Og 

II. Coo l ing  u n d e r  boundary  cond i t ions  of the t h i rd  kind f r o m  the inne r  s u r f a c e  and the ends,  no hea t  t r a n s f e r  at 
the o u t e r  s u r f a c e ;  in th is  c a s e  

Otr,o 
- - ~ 0 ~  

Og 

atR~_,y 
- -  O, 

Or 

OtR~ ,u 
--~" ~ = a ~ [ t I ~ . u ) m - - t " ] '  

Olr y 
= ae[t(r,V)m--ta]. 

(9') 

(i0 ') 

(ii,) 

(12') 

III. Coo l ing  under  bounda ry  cond i t ions  of the th i rd  kind f r o m  the o u t e r  s u r f a c e ,  the i nne r  s u r f a c e  and the  ends; 
in this  c a se ,  

Ot,.o 
0 ~ -  = 0, (9 ") 

Otro,y 
Or - O, (10.) 

OtR~ ,y 
- -  ~, - - ~ - -  = ao[t(m,~)m - - Q I ,  (11")  

Otr,y 
--~ ~ = ae[t(r ,V)m-- ta] ,  (12") 

OtR, ,u 
~ = ai [t(n,,u)m - -  ta]" (13) 

In al l  t h r e e  c a s e s ,  the s y m m e t r y  of the p r o b l e m  with  r e s p e c t  to the y - c o o r d i n a t e  is e x p r e s s e d  by the  s a m e  
d e r i v a t i v e  (9), (9'), and (9"). 
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In al l  ca ses ,  the boundary condit ions a r e  approx imate ,  in that the heat  t r a n s f e r  at the su r face  is  exp re s sed  in 
t e r m s  of the d i f fe rence  between the mean  t of the su r face  and the sur rounding  medium.  

Let  us examine  the de te rmina t ion  of the coeff ic ients  C1, C2, C 3, and C a for  case  I. 

Using condit ions (9) and (10), we d e t e r m i n e  

Cs-- qvR~ and Cl=O, - - ~ - C  

and so lu t ion  (8) takes  the fo rm 

t.~.. = 2~.sqV [ _  T r~ @- R~lnr--(8--1) Y2] +C~+C~" (14) 

There  is also another  pos s ib i l i t y  of de t e rmin ing  a, C 2, and C a. If we subs t i tu te  D = C 2 + C a, wr i t e  (14) in the 
fo rm 

tr u -- G [ r~ ] ' 2Le ----~-- +R~lnr--(s--1)y  ~ +D (15) 

and do not pose  the p rob l em of s e p a r a t e  de t e rmina t i on  of C 2 and C A, then only the two constants  e and D will  be subjec t  
to de te rmina t ion ;  this e l imina te s  the p o s s i b i l i t y  of using (6) and (7) for  de te rmin ing  e,  but  the boundary  condit ions 
(11) and (12) a r e  suff ic ient  fo r  de t e rmin ing  both of" the constants  e and D. 

We de t e rmined  the values  of e and D f rom condit ions (11) and (12), fo r  which the de r iva t ives  and mean 
t e m p e r a t u r e s  were  found using (15). In p a r t i c u l a r ,  

Y 
1 ~ _ qv 

t(R2,y)m = - 7  j tR~,ydy -- - - ~  X 

R~ e - -  1 ys] 
X - - - - ~ -  + R ~ I n R , - - ~  + D, 

J 

C _ 2 q~ 
t(r,V)m R~-- R~ ,, tr v 2X~ X 

R~ 

i R~--R~ nR3 (e __1) y~] _}_ D. . 2  3n~ t- R~(R~ In Zl x ~ x 2 - -  ~x~ 
4 Rg--  R~ 

Having thus solved Eqs. (ii) and (12) fo r  e and D, we obtain 

e = l - i  

1 

~, 2 2 q ~  (R2 - -  Rl) D 
o R 2  

Subst i tut ing (17) into (15), we have 

tr,y _ qv 
2Xe 

/ 

aeY'+3~,Y ~ao 1- -~-~  + -~- .  

3[R, 7 tR, t [l_ 8 2 

I- 2 ~ Y~ + ta. 

rS 2 2 
. . . .  ~ -  + R~ l n r - - ( e - -  1)y~+ ;~(R2-- R,)aoR2 + 

R~--2R~lnR2 , e - - 1  ] 
+ 2 -5-- Y~ + t. .  

Then, Eq, (18), for  which the value  of E is de t e rmined  f rom (16), is  the solut ion of the p rob lem.  

(16) 

(17) 

(18) 
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We h a v e  b o r r o w e d  c e r t a i n  d e t a i l s  of o u r  a p p r o a c h  to the  s o l u t i o n  of the  p r o b l e m  f r o m  [3], w h i c h  is  c o n c e r n e d  wi th  
the  q u e s t i o n  of t h e  t e m p e r a t u r e  f i e l d  of a c y l i n d e r  of f i n i t e  l e n g t h  w i th  i n t e r n a l  h e a t  s o u r c e s .  

S i m i l a r l y ,  f o r  c o n d i t i o n s  (9 ') ,  (10') ,  (11 ') ,  and (12') we o b t a i n e d  a s o l u t i o n  in the  f o r m  

tr u --  q~ i r~ ' 2~e - - - 2 -  -1- R~ I n r - - ( e - - 1 ) g  z L (R~- -R~)  
fti RI -w 

] + 2 + y2 + t a ,  

x 
1 3 ( R . ~ 2 + ( R , ~  4 R, 

8 - - V  \ - ~  ] [ R, / 2 1] 
- �9 

L \ R I  / 

(19) 

(20) 

F i n a l l y ,  f o r  c o n d i t i o n s  (9"),  (10") ,  (11") ,  (12") ,  and (13) the  s o l u t i o n  t a k e s  the  f o r m  

tr,~ = qv __ + r ~ l n r - - ( e - - l )  g2 + ( R 2 - r ~ )  
got?,2 

-t- R2 - -  2r~ in R: -t- %1_ yu %_ ta ' 

/ 

a e Y  2-t- 3~ Y 2a o . R= J j L 
t 

1 l__{Rx/2  1 ( r o  t2 { R x / e f r o i  2 In R1 \ '  /~2 

X 

§ 

]], 

(21) 

(22) 

211-( ,/21 

r2o = RIR~ [2L (c~oR 1 -+ a i m2) -[- aiao(R~-- R~)] . (23) 

2~ (aoR ~ + a i RI) + 2aiaoRiR2 In R2 
RI 

T h e  s o l u t i o n s  o b t a i n e d  s a t i s f y  the  d i f f e r e n t i a l  e q u a t i o n  (1) and t he  c o r r e s p o n d i n g  e q u a t i o n s  of u n i q u e n e s s  (9), 
(i0), (ii), (12); (9'), (i0'), (ii'), (12'); (9"), (i0"), (ii"), (12"), (13). 

At Y = ~, the solutions go over into the equations of the temperature field of an infinite tube with internal heat 

s o u r c e s  [2]. 

At  R 2 = ~ t he  s o l u t i o n  go o v e r  in to  t h e  e q u a t i o n s  of the  t e m p e r a t u r e  f i e l d  of an  i n f i n i t e  p l a t e  wi th  i n t e r n a l  h e a t  
s o u r c e s  [2]. 

Thus ,  a t  Y = oo o r  R 2 = oo the  s o l u t i o n s  a r e  exac t .  T h i s  is p e r f e c t l y  l e g i t i m a t e ,  s i n c e  t he  m e a n  s u r f a c e  
t e m p e r a t u r e s  e n t e r i n g  in to  the  b o u n d a r y  c o n d i t i o n s  t h e n  b e c o m e  the  t r u e  t e m p e r a t u r e s ,  and the  b o u n d a r y  c o n d i t i o n s  
t h e m s e l v e s  b e c o m e  not  a p p r o x i m a t e ,  bu t  exac t .  

At  f i n i t e  v a l u e s  of Y and R 2 the  s o l u t i o n s  a r e  a p p r o x i m a t e  owing  to t he  s i m p l i f i c a t i o n  of the  b o u n d a r y  c o n d i t i o n s  
and  the  c o n s e q u e n t  a p p r o x i m a t i o n  of t h e  c o n s t a n t s  e and  D and Ct  and C 3. 

At c~ i = 0 Eqs. (19) and (20) go over into the solution for an infinite plate, at (~e = 0 into the solution for an 

infinite tube cooled only over the inner surface. 

E q u a t i o n s  (21), (22), and  (23) a r e  the  m o s t  g e n e r a l  s o l u t i o n  and  at  c~ i = 0 go o v e r  to Eq.  (18) and  (16); a t  c% = 0 
they  a r e  t r a n s f o r m e d  in to  Eqs .  (19) and (20); a t  a i = 0 and c~ 0 = 0 they  b e c o m e  t h e  s o l u t i o n  f o r  an  i n f i n i t e  p la t e ;  at  
c~ i = 0 and c~ e = 0 they  a r e  t r a n s f o r m e d  into the  s o l u t i o n  f o r  a f i n i t e  tube  coo led  on ly  o v e r  the  o u t e r  s u r f a c e ;  a t  ~ e  = 0 
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and c~ 0 = 0 they go, o v e r  to the solution for  an infinite tube cooled only over  the inner surface;  and at ~e  = 0 they 
become  the solution for  an infinite tube cooled at the outer  and inner sur faces .  

The sui tabi l i ty  of the method was tes ted on seve ra l  examples  fo r  the mos t  genera l  c a s e - - a  short  tube with 
in ternal  heat sources  and s imultaneous cooling of the inner, outer ,  and end sur faces .  The s ta r t ing  data are  given in 
Table 1, and the resu l t s  a r e  compared  in Fig.  2. 

Table 1. Star t ing Data for the Examples  (qv = l0 s 
W / m  3, k = 0.4 W/too deg, a =  2 �9 10 -7 m2/sec) 

Tube dimensions in mm [ Heat transfer 
coefficients, 

- - a  b c W/m 2 " deg 

R1 5 5 5 ~ i=5  
R2 1 15 9 %=20 
2 Y  32 4 32 %=16 

(qv=10 a W/m 3, X=0.4 w/m.deg, a = 2 . 1 0 - T m 2 / s e c )  

The t e m p e r a t u r e  f ields fo r  all the examples  were  calculated f rom (23), (22), and (21) on a "Supermeta l l "  e l ec t r i c  
calcula t ing machine ,  and by the method of e l emen ta ry  balances  using a Minsk-1 computer .  

t 

3 

2.0 / , / ' , , ,  

2; 
Z, ro a e 'q2 2e 3e  -c 

Fig.  2. Compar i son  of calculat ions based on Eqs. 
(23), (22), and (21) and computer  calculat ions based 
on the method of e lementa ry  balances:  I) computer  
calculation; I1) calculat ions based on the formulas ;  
1 and 2) example  a ty= 0 and ty=y; 3 and 4) example 
b ty= 0 and ty=y; 5 and 6) example  c tR2 and tR1; t in 

~  

The s i m i l a r  c h a r a c t e r  of the t e m p e r a t u r e  curves  obtained f rom equations (23), (22), (21) and by the method of 
e l emen ta ry  balances  is apparent  f rom Fig.  2. The radi i  r0, at which the t empera tu re  maximum in the radial  d i rec t ion  
is es tabl ished,  coincide. The g rea t e s t  e r r o r s  a re  observed  at the junctions of the ends and the cyl indr ica l  sur faces ,  
which is quite natural  in view of the s impl i f ied  boundary conditions. Table 2 p re sen t s  the e r r o r s  5 (%) of the 
calculat ions  based on (23), (22), and (21) fo r  the c h a r a c t e r i s t i c  points 1, 2, 3, and 4 (Fig. 1, III) r e l a t ive  to the 
method of e l emen ta ry  balances ,  whose e r r o r s  fo r  examples  a and b w e r e  taken into account using the Runge fo rmula  
[4] (the calculat ions were  made fo r  networks with steps 2h and h). In example  c, the e r r o r  was computed without 
al lowance fo r  the advantages that can be obtained in these  calculat ions by refining the network. 

Table 2. Calculat ion E r r o r s  

Example / a b c 

No. o f [ '  ] l 
points ] 1 2 ] 3 4 1 i 2 3 4 1 ]] 2 3 4 

% f_,051_47j_0 5t_0,2t_431_ ,l-421-48p- 4i-601- ,I 0 
As may be seen f r o m  the table, the accuracy  of the solution is sa t i s fac tory .  It should be noted that, in these  

p rob lems ,  when the boundary conditions of the third kind a re  s t r i c t ly  formula ted ,  the coeff ic ients  of integrat ion 
obviously depend only sl ightly on the va r i ab les  r and y and, there fore ,  a re  not se r ious ly  affected by adopting 
approximate  boundary conditions. 
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The r e l a t i v e  s impl ic i ty ,  genera l i ty  and sa t i s fac tory  accuracy  of the solution make it poss ib le  to r ecommend  it 
for  ca lcula t ing the t e m p e r a t u r e  r eg imes  of e l ec t r i ca l  coils.  It is des i rab le  to take into account the effect  of the coil  
f r a m e  as a fac tor  affecting a i ,  c~0, and ae;  however ,  the quest ion of the dis t r ibut ion of the total power  of the coil  
between the inner and outer  ey l indr ica l  and end sur faces  (i. e. , the quest ion of the magnitude of (~i, c~0, and C~e) is not 
cons idered  in this study. 

N O T A T I O N  

tr ,  y is the t e m p e r a t u r e  at point with coordinates  r and y; r and y a re  va r i ab le  coordinates  in the cyl indr ica l  
sys tem;  Rt, R2, and 2Y a re  the inner and outer  radi i  and the length of the tube, respec t ive ly ;  qv is the power of 
the internal  heat  sources ,  uniform ove r  the volume; X is the the rmal  conductivity of the tube ma te r i a l  (does not depend 
on t empera tu re ) ;  s0, ~i  and a e  are  the coeff icients  of heat t r ans fe r  f rom the outer  and inner cyl indr ica l  su r faces  and 
the ends of tube; t a is the t e m p e r a t u r e  of surrounding medium. 
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